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Abstract. We give B generalization of the deformed oscillator and show that i t  sarirfies the 
quantum Weyl-Heisenberg group. The nonlinear transformations from the usual deformed 
oscillator operators to the deformed k-boson operators form an Abelian group. The 
generalized Holstein-PrimakoK realizations in terms of these multiboson operators are 
used to define the quantum group-theoretic coherent states of SU, , ( I .  1). 

Recently the Jaynes-Cummings model (JCM) [l-41 which possesses quantum group 
[ 5 , 6 ]  dynamical symmetry was suggested [7, 81. The dynamical algebra of the deformed 
JC Hamiltonian system is SU,(l, l)OSU(2).  The dynamical properties of the system 
with respect to the Biedenharn-Macfarlane coherent states (BMCS) [9, 101 are investi- 
gated and showed that the periodic revivals of the generalized JCM are destroyed 
increasingly for larger values of the deformation parameter q. Another noticeable 
property of the system is the squeezing of the BMCS [11,12]. 

In fact this system is a special case (k = 1) of a more general system of a two-level 
atom interacting with deformed k-bosons. The general form of the system consists of 
a two-level atom interacting with deformed k- bosons [ 13, 141 with generalized Holstein- 
Primakoff (HP) realizations and quantum group-theoretic coherent states of SUJ 1, 1). 
It is interesting to probe the dynamical properties of the general interacting system. 

In this paper, we discuss the quantum multiboson algebra and the properties of 
the quantum group-theoretic coherent states. It is well known that the deformed 
oscillator satisfies the quantum Weyl-Heisenberg algebra HJ4) 

[a , ,  a : l=[N+1l- [Nl  [ N, a,] = -oq [N,a:I=a:. (1) 

Now, we give a more general description of the quantum Weyl-Heisenberg group, the 
k-boson realization. First of all, we introduce the nonlinear transformations 

N ( k , q l  E A;k,q,A,k.q,  

where k is a positive integer and (x) is defined as the greatest integer less than or equal 
to x, functions of the number operator N = a'a are only evaluated on eigenstates of 

0305.4470/92/120707+05$04.50 @ 1992 IOP Publishing Ltd L707 



L708 Letter to the Editor 

N, and assume the value of the functions of the respective eigenvalues. It is not difficult 
to check that the above-defined deformed k-boson operators A(*,,, and A:k,q) also 
satisfy the quantum Weyl-Heisenberg group HJ4) 

The nonlinear transformations {F,k, ,  k is integer}, F,k,:a:+ F(k,(a:)=A;k, ,  form a 
semigroup. If we envisage a situation in which we wish to compute general moments 
of quaniiiies such Bs  

1 1 Jz  (A(k,,q) + A ; W . ~ ) )  p(k.q, ' J z  ( A ( k ' , q ) - A : k ' , q ) )  (4) 

in eigenstates of the number operator N,, , , ,  associated with generalized k' and k 
deformed bosons, respectively, then we are led to consider the expectation 

(kml(A:,,.,,)"(A(k,.,,)"lkm') 
where k, k', U, U, m, m' are positive integers. It is a straightforward exercise to evaluate 
this exvectation 

where we have defined t = ( k ' / k ) ( u - u ) .  It should be noticed that when U = U, then 
I = O  and the expectation ( 5 )  always has non-zero values (for m = m'). When U # U, 
( 5 )  vanishes unless f is an integer. The expectation ( 5 )  depends only on k' and k 
through their ratio r = k'/k Here r is the positive rational fraction of the fractional 
transformation F,,,. We may equate (kml(A:x,, , , )"(A,~,, , , )"lkm') formally to an expecta- 
tion involving fractional photons 

(kml(A~k~.sl)"(A~r~.,I)"lk~') = (ml(A~sv~)'(A~s91)Ylm'). ( 6 )  

Notice the properties of the nonlinear transformation F(hl 

F,do:)=a', (7) 
and 

F , u F , d o : )  = F , , d a ; )  (8) 

F;&F,,,(a:) = a: = F,,l(ai) (9) 

F;:).F(,,i=F,h./*i=F,,) (10) 

if we define the inverse transformation F;'] as 

we may equate F , , / , , .  Similarly we have 

where r =  k'/k is a positive rational number. It is this extension which permits us to 
define fractional photons. Now we have extended the semigroup of the nonlinear 
transformation f,k, to an Abelian group { F(*,: rational k > 0). 
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Using the deformed k-boson operators, we can realize the quantum algebra 
SU.(l, 1) by the following H P  relations 

The operators JI"' and Jik' satisfy the commutation relations of quantum algebra 
SU,(1,1) 

[Jik1', JT)]=*J(*' * [ J ! * ) , P ' ] =  -[2.p]. (12)  
The representation of the SU,(l, 1) quantum algebra is spanned by the states 
lo), Ik), 12k),.. . . 

The quantum group-theoretic coherent states of SU,(l, 1) are defined as 
1 

lu, k, a)=-exp(aJY')lo) (13) 

where LIE C and Q is the renormalization coefficient. Expanding the exponential we 
obtained 

Q 

This i s  the general expression for the quantum group-theoretic coherent states of 
* U q , ' ,  L,. l1 .G lllllrl p"Y"YcL ,U1 L l l r  C Y I I T I G I I I  JLLLC 1J 
or, I ,  I, TI.-:-.." ---^ A.. .̂ ~--.~~--~"-~-*".".":" 

It follows that 

All required moments may be obtained from evaluation of the expectation 

(U, k, ~ I ~ A ~ ~ ~ , ~ ~ ~ " ~ ~ , ~ ~ , ~ ~ ~ " ~ ~ ,  k, 4 

[ (7 - 4 * ! [ (5- ")] ! 1 1LI12n =-*' 1 
Q2 , = o ( m + r ) ! m !  
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To evaluate A X ( k . . q ) ,  AP(x , .q)  we use the expressions 

where all expectations are taken with respect to the quantum group-theoretic coherent 
states of SU,(1,1), 10, k, a). From the general form of expectations we can obtain the 
moments which are necessary to evaluate the uncertainty AX(k . ,q l  and AP,v,qi 

xJ[(?+l)]* i f r=integer  

[2u+ m + 2 r -  1]*![m+2r]*! [ 2 u +  m - l]![m]! 4 [2u-1]*! [2u-1]! 

((A?V.~,)') = 0 otherwise. 

When k'= 1 ,  the following formulae can be checked. For k =  1 we obtain 

[Zu+/- l ] ! [ /+ l ] !  
2 u -  l]! l a I 2 l  4zsF I [ 

1 "  
(c l : ) - -c i  

Q2 k O ( / + l ) ! / !  

For k = 2, 

[2U+/- l ] ! [ /+  l]! I [Zu-l]!  
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